In this paper, we consider the generalized Carlitz q-Bernoulli polynomials of the first kind which are derived from q-Volkenborn integral on Z p . Finally, we investigate some symmetric identities of those polynomials.
Introduction
Let p be a fixed prime number. Throughout this paper, Z p , Q p , and C p will denote the ring of p-adic rational integers, the field of p-adic rational numbers and the completion of algebraic closure of Q p , respectively. The p-adic norm | · | p is normalized as |p| p = 1/p. We assume that q is an indeterminate in C p with |1 − q| p < p −1/(p−1) . For d ∈ N with (d, p) = 1, we set X = lim ←− N Z/dp N Z, X * = 0<a<dp (a,p)=1
(a + dpZ p ) and a + dp N Z p = x ∈ X|x ≡ a (mod dp N ) ,
where a ∈ Z lies in 0 ≤ a < dp N . The q number of x is defined by [x] 
x , (see [13, 14] ).
(
From (1), we can easily derive the following integral equation;
where f 1 (x) = f (x + 1). Let χ be a Dirichlet's character with conductor d ∈ N. As is well known, the generalized Bernoulli polynomials attached to χ are defined by the generating function to be
When x = 0, B n,χ = B n,χ (0) are called the generalized Bernoulli numbers attached to χ. From (1) and (2), we have
where
The generalized Carlitz q-Bernoulli polynomials of the first kind attached to χ with viewpoint of (5) are defined by
When x = 0, β n,χ,q = β n,χ,q (0) are called the first kind attached to χ (see [3, 13] ). From (6), we note that the generating function of β n,χ,q (x) is given by
From (6) and (7), we can derive
where β n,q (x) are the Carlitz q-Bernoulli polynomials of the first kind (see [3, 13, 14, 15] ). In this paper, we investigate some properties of the generalized Carlitz qBernoulli polynomials of the first kind attached to χ and give some interesting symmetric identities of those polynomials.
Some identities of the generalized Carlitz q-Bernoulli
polynomials of the first kind.
Let w 1 , w 2 , w 3 be positive integers. From (7), we consider the following integral equation;
From (9), we can derive the following equation;
By the same method as (10), we get
Therefore, by (10) and (11), we obtain the following theorem. 
are the same for any permutations σ ∈ S 3 .
It is easy to show that
By (12), we get
Therefore, by Theorem 1 and (13), we obtain the following theorem.
Theorem 2.2. Let d, w 1 , w 2 , w 3 ∈ N and n ∈ N ∪ {0}, the following expressions
are the same for any permutation σ ∈ S 3 .
We observe that
Thus, by (14), we get
From (15), we have
By the same method as (16), we get
n−k q β k,χ,q w 1 w 3 (w 2 x)S n,k,q w 2 (w 1 , w 3 : d|χ).
Therefore, by (16) and (17), we obtain the following theorem. 
Remark 2.4. Recently, several authors have studied the q-extension of Bernoulli polynomials and identities of symmetry for Bernoulli numbers and polynomials
(see ).
